INTRODUCTION
The need for the numerical analysis of the elastic wave equation in solids is driven by the application of ultrasonic techniques to non-destructive evaluation of adhesive bonds and bondlines. Unfortunately, the physics of the problem require numerical models with an excessive number of degrees of freedom and time steps to analyze the response of a system to an ultrasonic pulse input. In the past, super computers and vector processors were used to tackle these problems. Alternately, purely closed form solutions were investigated with idealized boundary conditions. This work presents plane strain and axisymmetric finite element formulations which include viscous damping and anisotropic material capabilities that reduce by orders of magnitude the memory storage and execution time traditionally encountered. The time integration is accomplished using the explicit central difference method. The finite element spatial discretization employs a lumped mass matrix. The resulting decoupled equations are solved on a node by node basis at each time step. The code was verified as accurate by comparing the displacements qualitatively for the expected wave motion and by comparing the displacement histories at specific nodes to both analytical solutions based on the Cagnaird de-Hoop method and experimental pulseecho piezoelectric transducer data. [1] 
PROBLEM STATEMENT
The governing equation is the balance of linear momentum (Cauchy's first law of motion)
where:
O' ij is the stress tensor, Fi is the body force vector, p is the density, and l\ is the displacement vector. A Kelvin model constitutive relation is chosen to allow for viscous damping [2] where:
C ijld is the elastic constitutive matrix. D ijkl is the damping constitutive matrix, ~ is the strain matrix, and ~ is the time rate of change of the strain tensor. The strains are assumed small and the material behaves in a linear elastic manner, i.e.
Consequently, the stress tensor can be expressed as: and the governing elastodynamic wave equation in terms of displacements is:
(3) (4) (5) Note that the wave equation is a set of coupled second order hyperbolic partial differential equations. It is well recognized that wave motion can be categorized as:
Longitudinal: particle motion is parallel to the direction of propagation, Shear: particle motion is perpendicular to the direction of propagation, Surface: motion is in both directions but the magnitude decreases exponentially with Rayleigh waves on the free surface and Stonely waves at solidsolid boundaries.
We wish to capture the wave motion in sufficient numerical detail, both temporally and spatially. To simulate a realistic transducer input we use a raised cosine centered at 0>0 with a duration of 3 periods, i.e. [3] Vet) = [l-COS~O t)] cos(COot) (6) The spatial resolution is also tied to the forcing function frequency. For sinusoidal input the degreee of spatial discretization is defined by the number of nodes per wavelength, Computationally, we. identify a time step and spatial resolution necessary to accurately describe the input signal and its propagation through the medium, approximately 9 nodes per period or wavelength. These parameters coupled with the physical dimensions of the transducer and specimen dictate the numerical detail of the simulation.
Stability considerations may add additional constraints on the system. The Courant constraint must be maintained. Numerically, the governing equation (eq. 5) can be stated as: (9) where [M] is the mass matrix, [D] is the damping matrix, [K] is the stiffness matrix, Fb are the nodal body forces, Fs are the nodal surface forces, and U is the vector of displacements in the x (r) and y (z) directions. A banded system problem size is on the order:
N=2x 10 As a consequence, we require a diagonal mass matrix. One approach is to move the Gauss points to the node points. However, this strategy fails for the axisymmetric case on the centerline. Alternately, one can diagonalize on an elemental basis using: [5] (10) where c = consistent matrix and d = diagonal matrix. A second-order correct, centered finite difference expression for the acceleration term is used:
where i = x or y (r or z), K = grid point, and m = time slice. The time rate of change in U can be expressed as:
However, the first expression destroys the possibility of a LHS diagonal matrix since [D] cannot be diagonalized. Using the backward finite difference expression, with [M] as a diagonal matrix, the fully explicit equation of motion (no body forces) can be stated as: [6] u
Each node in a uniform quadrilateral mesh has 9 connections or 18 coefficients. In sparse matrix form the [K] matrix requires 144 MBytes (288 MBytes with [D] included). Although this size could be handled on some computational machines, it usually requires out of core storage. Displacements can be computed using an element by element approach. Each element contributions are assembled in the new displacement vector. This strategy reduces memory to a minimum, but performs redundant operations. On a rectangular linear mesh, each interior node will be visited by 4 elements. There are 8 multiplications/DOF/element or 64 multiplications per node. Alternately, the assembled sparce matrix form requires 18 multiplications/DOF or 36 multiplications per node. In 3D the operations are 576 and 243, respectively. This redundancy can be eliminated by identifying and storing unique rows of the assembled matrices. For simple layered geometries with homogeneous material properties within each layer the unique nodal locations are displayed in figures 2 and 3. A node by node explicit approach reduces the number of operations to a minimum. Unique node locations are determined by the properties of the surrounding elements and by their relative positions. For our 3 layered model the sparse matrix storage of 288 MBytes is reduced to 24 KBytes for plane strain and 4.6 MBytes for axisymmetric configurations. Each node is given a pointer to the appropriate row of unique coefficients. The local stiffness matrices are calculated at the unique elements only. Unique elements are flagged similar to those of nodes. The row assembly involves a visit to each unique node. The unique element flags for the element types surrounding the node are used and the appropriate values from the local stiffness matrices are assembled into the unique rows, one for each degreee of freedom. The process of local to global matrix construction is exactly the same as in conventional that only two rows of the assembled matrix are saved. The node by node solution of our wave equation takes the following form:
Since matrix operations are not required single precision is acceptable.
RESULTS
A total disbond and a pure bond were tested and compared to experimental data using a 10 MHz centered frequency transducer and the physical dimensions listed in figure 1 . The axisymmetric code without material damping was used for the numerical solution and the results are displayed in figures 4 and 5.
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.. A second test case used viscous damping in an axisymmetric formulation using a 5 MHz transducer. Figure 6a -d displays the displacements at time slices of 1-4 l!s, respectively. The displacements are significantly different than those of an undamped system as shown in figure 7 at 4 l!s. 
CONCLUSIONS
The code execution time and memory requirements have been minimized using a node by node solution strategy. The reduced memory size allows large models to be analyzed within core on average workstations. The approximate solver speeds are listed in Table I . The increased speed of this code makes numerical investigation of ultrasonic phenomena in quantitative NDE feasible. 
